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^ ! Abstract 

\Q ■ 

£\j ■ We present a new point of view on the problem of the Schwarzschild 

black hole in the noncommutative spaces, proposed recently by F. Nasseri. 

We apply our treatment also to the case of the 2+1 dimensional Bahados- 

£T) ' Teitelboim-Zanelli black hole. 
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\o : 1 Introduction 

o 

Noncommutative geometry, £Q, and its physical applications have been 
studied extensively from various points of view during last couple of years. 
The idea to study the physical applications of the noncommutative geom- 
etry has very good motivation in the following: the dynamical variable in 
the general theory of relativity is the spacetime itself, and we know that 
the procedure of quatization transfers the classical commutative dynamical 
variables into the noncommuting operators in the quantum theory. There- 
fore, on can expect that the physics on the Planck scale is to be described 
within the noncommutative spacetime. Moreover, this geometry arises nat- 
urally in the string theory, where the noncommutativity is related to a kind 
of background field (magnetic-like field), |2J,[3J. 

It is very natural to suppose the black holes are the objects where the strong 
gravitational field meets with effects of quantum mechanics and therefore 
the idea of a black hole in a noncommutative space is surely interesting. 
In the section 2 of the paper we present a toy model of the Schwarzschild 
black hole in the noncommutative space and the section 3 discuss a kind of 
2+1 dimensional black hole. 
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2 Incorporation of a space-space noncom- 
mutativity into the Schwarzschild metric 

The Schwarzschild metric is given by the line element 

, o / 2GM\ , / 2GM\~ 1 , 9 - 
ds 2 = I 1 J dt 2 - f 1 J dr 2 - r 2 d^. (1) 

In this metric, the sphere with the radius r = 2GM corresponds to the 
event horizon and is given by the mass M of the black hole only. The 
idea of the paper [I] and some other recent papers like [5j, is to change 
the used coordinates into the noncommuting ones in a manner many times 
used in the formulation of quantum mechanics on noncommutative spaces 
[6J,[7J,[8J,[9J and [10J. However, in our problem this treatment can hardly 
be used: how do we understand the objects like dr with f being an oper- 
ator? And how to understand the quantities like angular momentum and 
linear momentum of undefined object(s) (bodies) entering the results of the 
paper pQ? 

We propose the following modification of the treatment proposed by F. 
Nasseri. We express the formula for the gravitational radius of the black 
hole as the constraint: 

r 2 = 4G 2 M 2 = r 2 . (2) 

This constraint can be "quantized" introducing the noncommuting vari- 
ables Xi, i = 1, 2 (in fact, we are going to be interested in a planar section 
of the space only, nothing more can be done within this concept of noncom- 
mutativity, more appropriate example will be discussed in the next section): 

[xi,x 2 }=0, or [x i ,x j ]=0€ij, (3) 

where the parameter 9 of dimension length 2 describes the space-space non- 
commutativity and the square root of |0| plays the role of a fundamental 
length lp. Making the change 

r i— > f = x\X\ + £2^2 (4) 

we obtain the operator version of the eq. (J2J 

x\xi + x 2 x 2 = r 2 . (5) 

The commutation relations Q can be realized in terms of differential ope- 
rators as follows: 

i 
Xi = Xi- -Oeijdj, i, j = 1, 2 , (6) 

acting on auxiliary function il){x). The constraint equations © can be 
then represented as the following eigenvalue problem (supposing ip belongs 



to L' 



Xi ~ -^ 9e ijPj ) [ Xi ~ 2h 0€ikPk ) ^ = r 9^' ^ 7 ) 

Performing some algebra we derive the partial differential equation for ip 

"^ + ® + 2^T 2 ^ + ^ + 2^ ( ^ 2 " *»*>} * 

1 4^ 

3 -V>, (8) 
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where we introduced a formal, say positive, parameter m to be able to 
compare easily our equation with the Schrodinger equation for the motion 
of a particle with mass m and electric charge e in the homogeneous magnetic 
field B = (0, 0, B) that reads 

^ 2 /o2 o2n 1 e 2 B 2 . 2 2 ieBh. _ . .1 , 

-^ + ^ + 2^—^ + xl) + ^r (xi ° 2 - x ^r 

= Eip. (9) 

Comparing relevant terms of the eqs. (jEJ and © we identify 

Ah 

and having in mind the energies of the Landau levels: E n = ^—(n + 1/2), 
we finally find the possible values of the black hole radius r g : 



(10) 



corresponding to the eigenfunction <5 n . This is the quantization rule for the 
gravitational radius in our simple model of the Schwarzschild black hole in 
the noncommutative space. 

In this particular situation, we have obtained the main result expected 
from the noncommutative geometry in physics - the quantization of a classi- 
cal space-time characteristic. Moreover, we see that our result is compatible 
with the well-settled suggestion that the area of the event horizon of the 
Schwarzschild black hole A is to be quantized as follows, ^^ 

A = A n = 4irr 2 g = 8vrfl (n+^\ = A(n + 0(l))l%, (11) 

where A is a dimensionless constant, lp represents the Planck length and 
n runs over all the natural numbers. Obviously, our treatment the prob- 
lem is not unique, and one can imagine other ways how to consider the 
Schwarzschild black hole in a noncommutative space. For example, in the 




paper ^2] the same problem is attacked by considering the event horizon 
of the black hole by the well known fuzzy sphere, [13J, leading to the same 
kind of result for the quantization of the black hole radius/mass is ob- 
tained. We are not attempting to propose the presented approach as some 
roots for a definitive theory but we would like to point out that the proce- 
dures presented in, say, [3] and 0, may be improved. One of the possible 
improvements is our toy model, an alternative is presented in |12j . 



3 The case of Bahados-Teitelboim-Zanelli 
black hole 

In pi] Bahados,Teitelboim and Zanelli (BTZ) have found the black-hole so- 
lution in 2+1 dimensional space-time with negative cosmological constant. 
The line element reads 



d,-' f - M + C + ^] dt 2 - (-M + C + ^) dr 2 



r 
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T 2 
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r[dt)-—dt) , (12) 

where M is the mass of the black hole, A = — 1~ 2 is the negative cosmo- 
logical constant and J is the angular momentum of the black hole. The 
constraint 

- M +^ + 4^ = °< r 2 =x 2 + x 2 

determines the event horizon of the black hole. 

We can introduce noncommutativity into the {x\X2) plane in the same 
manner as in the previous section. In this way the condition for the horizon 
transforms into the form 

Mr* - ir 4 ) V = y^' ( 13 ) 

Using the results of previous section we have: 
r 2 = 20 (n + ^ J , and 20 (n + ^ J M - ^40 2 (n + ^\ = J — (14) 

with the same eigenfunctions $ n as above. Equation (|THl quantizes the 
values of the angular momentum for given M and / and tells us that for 
given values of the parameters M and I of considered black hole, we have 
only finite number of admissible values of the angular momentum J. In the 
particular case J = the mass of the black hole is quantized according to 
the formula 

20 f r 



M = M n = -p[n+~). (15) 



We can compute the maximal value of the angular momentum for given 
values of M and I. Using simple algebra, we rewrite eq. ifM]) into the form 



J2 __4^ 



n + 



1 Ml 2 \ 2 M 2 l 4 



2 49 J 166» 2 
from which we obtain the upper bound on black hole angular momentum: 

\J\ < Jmax = Ml. (16) 

The bound (fTH|l is identical to the classical one when the two horizons of 
classical BTZ black hole merge. 

4 Discussion 

We have proposed a simple toy model of a black hole in a noncommutative 
space instead of the model proposed by Nasseri in [3] and p] that mixes 
the field-theory and particle mechanics. Within our model we were able to 
obtain quantization formula of the radius (mass) of the Schwarzschild black 
hole (fTU|) and the so-called Baiiados-Teitelboim-Zanelli black hole (|T5|l . We 
have shown that the upper limit for the value of the modulus of the angular 
momentum of the BTZ black hole within our model is the same as for the 
classical BTZ black hole, [H]. Our result (fTTTf) coincides with the result 
of the paper ^2] where the author modeled the quantum black hole by 
modeling its event horizon as the noncommutative two dimensional sphere. 
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